We investigate examples of quasi-spectral triples over two-dimensional commutative sphere, which are obtained by modifying the order-one condition. We find quasi-Dirac operators and calculate the index paring with a representant of K-theory class to prove that the quasispectral triples are mutually inequivalent.
Introduction
Noncommutative Geometry offers a new insight into classical differential geometry of spin manifolds. The Connes' Reconstruction Theorem, which under certain assumptions is proved in [3] and is being extended in the forthcoming work [4] provides the equivalence between the noncommutative axiomatics of spectral triples for commutative geometries and the geometry of spin manifolds.
In this note we investigate what happens if one relaxes one of the axioms of the spectral triple construction by allowing the order-one condition to be satisfied up to compact operators. This step is motivated by strictly noncommutative q-deformed situation. In the case of SU q (2) [5, 7] and the Podleś equatorial quantum sphere [6] it was found that the order one condition and the commutant condition can be satisfied only up to compact operators. It has been conjectured that for commutative geometries similar weakening of this axiom shall not lead to any significant change apart from compact perturbation of the Dirac operator. In our example we show that this is not true, in particular, the spectral geometries obtained in this way are in a different K-homology class.
For the two-dimensional sphere we determine a class of examples of equivariant quasi-spectral geometries. Using the local index calculations we prove that they pair differently with an element of K-theory and therefore are mutually inequivalent.
The two-dimensional commutative sphere has been a favorite toy-model for description of noncommutative geometry but rather in a local (coordinate) description [3, 8] . A global approach was first used by Paschke [9] and could also be easily obtained by taking q = 1 limit of the algebraic description of Podleś spheres.
Spectral Geometry of the Sphere
We follow here the construction of equivariant spectral geometry as described in [10] . The symmetry, which we use is the enveloping algebra of su(2), with generators
We work with the commutative star algebra A(S 2 ) of polynomials in A * , B, B * , satisfying the radius relation:
The generators of the polynomial algebra A, B, B * are the spherical harmonics od degree 1. The action of the su(2) Lie algebra on the generators is:
The equivariant representations
, 1, . . . ... denote the 2l+1-dimensional representation of the Lie algebra su (2) . The orthonormal basis of each V l shall be denoted by |l, m ,
We recall that for any algebra A on which a lie algebra l acts by derivation, the representation π is l-equivariant if there exists a representation ρ of l such that:
holds for all a ∈ A, ℓ ∈ l on the linear space V.
Since we know the representation theory of su(2) we shall decompose V as a direct product of irreducible representations of su (2):
We have: 
which is equivariant on V N with respect to su(2) action. The explicit form for π n on the orthonormal basis |l, m ∈ V l , is:
Proof. The proof is mostly technical and we only sketch here its main points. First, using the equivariance (2.2) for L 3 we see that π(A) does not change the its eigenvalue whereas π(B), π(B * ) change it by ±1. Then, we deduce that for X = A, B, B * and for each l we have:
where (a priori) we can have multiplicities on the right hand side. To see that (2.7) holds, it suffices to study the equivariance rule for ρ(L ± ) n for a suitably chosen n. For instance, if X = A, then using the equivariance we verify that:
Therefore π(A)|l, m must be in the intersection of kernels of ρ(L + ) l−m+1 and ρ(L − ) l+m+1 with the eigenspace of ρ(L 3 ) to the eigenvalue m. Therefore the result (2.7) for X = A becomes clear.
The equivariance rule for L ± allows us to fix the m-dependence of the coefficients in the expansion (2.7). We again use the example of A to illustrate it,
where we used that (L + ) * = L − . On the other hand, using equivariance:
By comparing these expressions, we see that 8) and is has the solution:
Similarly we find the other remaining coefficients. The recurrence relations for α 
Equivariant Spectral Geometry
To construct the spectral geometry we need following the axioms [2] , in addition to the equivariant representation, we need a Z 2 -grading γ of the Hilbert space and the reality operator J, satisfying,
with the equivariance condition,
(2.11)
It follows directly from (2.10) that γ must be diagonal with respect to the chosen basis on H N . Additionally, if it commutes with the representation π N of A(S 2 ) then it must be either 1 or −1. The Hilbert space with which we construct the spectral geometry must be a direct sum of at least two spaces H N and H ′ N with γ being ±1 on them, respectively. Further, the existence of an antilinear equivariant isometry J, fixes |N| = |N ′ |. This is so, because the commutation rule (2.9) requires that J is the isometry between H N and H ′ N . Then the equivariance condition (2.11) requires that J must map |l, m to |l, −m , for any l, but this is possible only if |N| = |N ′ |. It remains to fix the representation (or, in other words, the sign of N, N ′ ). This follows from a further requirement, the commutant condition:
12) which leads to the solution H = H N ⊕ H −N , N ≥ 0. We shall denote the basis by |l, m, ± ∈ H ±N . So, our spectral data so far consists of H, the diagonal representation of A(S 2 ) on it and the operators J, γ:
γ|l, m, ± = ±|l, m, ± , (2.13) J|l, m, ± = ±|l, −m, ∓ .
(2.14)
The Equivariant Dirac operator
We assume that D is a densely defined symmetric operator, equivariant with respect to su(2) symmetry, and satisfying the commutation requirements of spectral geometry in dimension 2:
It is easy to see that any operator with these properties must be of the form: |l, m we obtain that in order for the to vanish we must have:
which can be satisfied only if d(l) is: 
|l, m, − .
Although this does not vanish we can easily see that then [B
] is a compact operator. For large l:
Similarly, we check other commutators, for instance:
and we find that one can always majorize them by C Note that for the modified order-one condition one can always replace 1 2 in the formula for the Dirac operator by an arbitrary coefficient. This freedom in the choice of this component d 0 does not play a role as it is a perturbation of the Dirac operator by its sign. It appears however, that for the choice we have made, the formulas simplify significantly.
The properties of the quasi-Dirac operators
We shall briefly discuss the properties of the quasi-Dirac operators we have found, for an arbitrary N. For simplicity we fix d 1 to be 1. First, observe that apart from the first 2(N −1) eigenvalues, it has the same spectrum as the standard Dirac operator and therefore the asymptotic behavior of the eigenvalues is exactly the same. In particular, |D| −2 is Dixmier class and its Dixmier trace is:
Clearly, all commutators [D, x], for x ∈ A(S 2 ) are bounded operators (it is an easy exercise to verify it), therefore, from the point of view of the local index calculations, for each N we indeed have a two-dimensional spectral geometry.
Local index calculation
To get insight into the shown construction we shall explicitly calculate here the index pairing between the K-homology element represented by the construction of the spectral geometry and a chosen element of K-theory using the Connes-Moscovici [1] local index formula.
Let us recall that having the spectral data we can explicitly assign to the spectral geometry a cyclic cocycle from the b-B bicomplex. For the interesting case of a two-cyclic cocycle for the two-dimensional spectral geometry we have the following even b-B cocycle:
where τ q is defined as:
The paring of the above cocycle with the projector e depends only on the class of φ and e:
[φ], [e] = (2πi) 2 φ 0 (e) − 2φ 2 (e− δ ij , e jk , e ki ).
The calculation itself is a technical and rather tedious task. The crucial point is the following result: Proof. Using (2.22) we explicitly calculate the paring:
, e, e)
where we used further the relation between the residue and the Dixmier trace as well as the result (2.19).
Observe that as a byproduct of the calculations we have verified the Hochschild cycle axiom of the spectral triple, as one can easily see from (2.22 ).
It appears that the calculation of the explicit formulae for the nonlocal Connes-Chern character using the Chern character in periodic cyclic cohomology, for a two-cyclic cocyle is also possible, although it is (obviously) more complicated. Taking F = sign(D) we have:
After long calculations we obtain:
so the pairing, which could be calculated as (−2)Ψ 2 (e, e, e) becomes: Φ 2 , e = −2Φ 2 (e, e, e) = 2N.
Conclusions and outlook
We have shown that within the framework of noncommutative geometry it is possible to construct nonequivalent spectral geometries on the twodimensional sphere. The results open several possibilities. First of all, it appears that the modification of order-one condition has more profound consequences than it was believed. In this context it would be nice to answer the question how the exactness of the order-one condition fixes the choice of the spinor bundle and the Dirac operator.
To study the analytic properties of the quasi-Dirac operators and to see whether there might by any differences from the classical case it shall be advisable to find the local (coordinate) expressions for the corresponding pseudodifferential operators.
Our result has also some implications for noncommutative geometries. We have shown that for the two-sphere from each of different K-homology classes it is possible to obtain unbounded Fredholm modules, with the orderone axiom satisfied up to compact operators. we believe that this possibility shall also be studied in the q-deformed case, for example.
